




Deformations of N = 2 Dualities to N = 1 Dualities in SU ,
SO and USp Gauge Theories
Takayuki Hirayama , Nobuhiro Maekawa y and Shigeki Sugimoto z
Department of Physics, Kyoto University,
Kyoto 606-01, Japan
Abstract
We study deformations of dualities in nite N = 2 supersymmetric
QCD. Adding mass terms for some quarks and the adjoint matter to the
nite N = 2 theory, which is known to have dual descriptions, the cor-
respondence of gauge invariant operators between the original and dual
theory is deformed. As a result, we naturally obtain N.Seiberg’s N = 1
duality. Furthermore, we discuss the origin of the meson and superpoten-
tial in the dual theory. This approach can be applied to SU(N), SO(N),





In the last few years remarkable progress has been made in supersymmetric gauge
theories in four dimensions. Using the methods developed by N.Seiberg, eective
superpotential can often be determined exactly and lots of non-perturbative ef-
fects are found (see [1] for a review). One of the most interesting discoveries is
duality in N = 1 supersymmetric gauge theories. For example, in the pioneered
work of N.Seiberg [2], it was found that N = 1 supersymmetric SU(Nc) QCD
with Nf flavors of quarks has a dual description, which is N = 1 supersymmetric
SU(Nf − Nc) QCD with Nf flavors of dual quarks and a gauge singlet meson
eld interacting with the dual quarks by the superpotential.
Up to now there is no rigorous proof of this duality, and so it is important
to investigate non-trivial evidences for it. There are several arguments that the
N = 1 duality can be derived by analyzing N = 2 supersymmetric QCD [3, 4, 5].
Since N.Seiberg and E.Witten’s two beautiful papers [6] appeared, it has become
clear that the low energy eective theory of N = 2 supersymmetric QCD can be
analyzed exactly making use of hyperelliptic curves [7, 8]. In [3], it was shown
that the low energy eective theory at the baryonic root ofN = 2 supersymmetric
SU(Nc) QCD with Nf flavors is SU(Nf − Nc)  U(1)2Nc−Nf gauge theory, and
adding N = 2 breaking mass term for the adjoint chiral eld, the theory flows to
N = 1 supersymmetric SU(Nf −Nc) QCD which is consistent to the N.Seiberg’s
duality in N = 1 supersymmetric QCD. This argument can also be applied to
SO(N) and USp(2N)  gauge theory [4]. However, these works do not provide a
complete derivation of the N.Seiberg’s duality since the origin of the meson eld
and the superpotential, needed in the dual theory, is not specied. An approach
for this problem is given in [5], in which nite N = 2 supersymmetric QCD is
considered in detail. N = 2 supersymmetric SU(Nc) QCD with 2Nc flavors is
known to be nite and believed to have a dual description. Adding mass term for
the adjoint chiral eld to this theory and using Fierz transformation, the authors
of [5] derived the dual SU(Nc) theory with the meson eld and the superpotential.
The purpose of this paper is to obtain deeper understanding of the relation
between N = 1 duality and N = 2 duality, and to derive N = 1 duality from
N = 2 duality. In particular, we generalize the argument in [5] for the case with
Nf( 2Nc) massless flavors and propose the origin of the meson eld and the
superpotential.
We start with the nite N = 2 theory with mass terms for hypermultiplets.
The dual of this theory is determined so as to have the same hyperelliptic curve
[7]. Then we add N = 2 breaking mass term for the adjoint chiral eld to obtain
N = 1 theory and see the change of the vacuum moduli space. This change
of the vacuum moduli space is non-trivial because we must correctly consider
non-perturbative eects. To have the same vacuum moduli space, we determine
USp(2Nc) is the unitary symplectic group of rank Nc.
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corresponding deformation for the dual theory and the correspondence of gauge
invariant operators between the original and dual theory. Now we can apply the
transformation used in [5] and obtain N.Seiberg’s N = 1 dual theory including a
meson eld interacting with the dual quarks by the superpotential. This method
can be applied to SU(Nc), SO(Nc) and USp(2Nc) gauge theories. In the case of
SO(Nc) and USp(2Nc) gauge theories, unlike the SU(Nc) case, we nd that the
vacuum moduli space has several distinct branches, and the dual transformation
maps each branch to the corresponding dual branch.
2 S-duality in N = 2 SU(Nc) Gauge Theory
2.1 a brief review of S-duality in N = 2 theory
In this subsection we will make a brief review of S-dualities in N = 2 supersym-
metric QCD. Here we consider N = 2 supersymmetric SU(Nc) QCD with Nf
hypermultiplets in the Nc representation of the gauge group. The theory can
be described in terms of N = 1 superelds: W (a eld strength chiral multi-
plet),  (a chiral multiplet in the adjoint representation of the gauge group), Qi
and eQi (chiral multiplets in the Nc and Nc representation of the gauge group
respectively), where i = 1;    ; Nf are flavor indices. The superpotential is
Wele =
p
2 gQi eQi +p2mjiQi eQj ; (2.1)
where m = (mji ) = diag(m1;    ;mNf ) is a quark mass matrix.
When Nf < 2Nc, the theory is asymptotically free and when Nf = 2Nc, the
theory is scale-invariant (for m = 0). Highly nontrivial evidences of S-duality
have been found for Nf = 2Nc and so we restrict our attentions to this case.
The vacuum moduli space of the theory was analyzed in detail in [7, 3]. They
showed that the vacuum moduli space has various branches intersecting with each
other, and is locally a product of a Coulomb branch and a Higgs branch . The
Coulomb branch can be analyzed exactly making use of the hyperelliptic curves





2 + 4h(h+ 1)
NfY
i=1
(x−mi − 2mSh); Nf = 2Nc (2.2)
wheremS  (1=Nf)
P





a specic modular function of the bare gauge coupling constant  = =+i8=g2.
This curve is invariant under S-duality transformation  ! −1= , mi ! fmi 
mi−2mS. So it is strongly suggested that there is another description of the same
physics. We want to call the original and dual description by the electric and
Due to the non-renormalization theorem, the local product structure is retained quantum
mechanically.
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magnetic theory respectively. The magnetic theory is also N = 2 supersymmetric
SU(Nc) QCD with Nf hypermultiplets in the Nc representation of the gauge




2 egqi’eqi +p2fmjiqj eqi; (2.3)
where ’, qj and eqi are chiral multiplets  in the adjoint, Nc and Nc representation
of the gauge group respectively, fmji  mji − 2mSji and eg  1=g.
The Higgs branches do not receive quantum corrections and can be analyzed
classically, due to the non-renormalization theorem [3]. They are parameterized
by holomorphic gauge invariant operators with several constraints [9]. As a result
of detailed analysis in [3], it was shown that there is a correspondence of gauge
invariant operators between the electric and magnetic theory, which is compatible
with all the constraints. Namely, the Higgs branches are also the same in the
electric and magnetic theory.
These facts strongly suggest that the electric and magnetic theory describe
the same physics. And more surprisingly, adding adjoint mass terms, this N = 2
duality flows down to the duality of N = 1 supersymmetric QCD found by
N.Seiberg [2]. We examine this point in the next section.
All these analysis are applicable to SO(Nc) and USp(2Nc) gauge theories.
We investigate these cases in section 4 and section 5.
2.2 the correspondence of the Higgs branches
Let us explain in some detail the electric-magnetic correspondence of gauge in-
variant operators in the Higgs branches of the N = 2 supersymmetric SU(Nc)
QCD with 2Nc flavors. Using the same argument as in [3], we can determine the
structure of the Higgs branches for the case there are mass terms for the hyper-
multiplets, and show that there is a electric-magnetic correspondence of gauge
invariant operators.
In the electric theory, F-term equations are as follows.
Qia
eQbi = ba; ( 2 C); (2.4)
gab







b = 0: (2.6)
We denote the vacuum expectation values of , Q and eQ by the same symbols.
(2.5) and (2.6) imply that we do not need the gauge invariant operators which
are the mixture of  and (Qi; eQi) when we describe the moduli by the gauge
invariant operators. The moduli space, which consists of the Coulomb branch
and the Higgs branches, is parameterized by Uk  tr(k), (k = 2;    ; Nc), the
Note that we use the notation in [2] for qi and eqi, which is dierent from that in [3].
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meson and the baryons. Roughly speaking, the Coulomb branch is parameterized
by Uk and the Higgs branches are parameterized by the meson and the baryons.
The meson and the baryons are dened as




Bi1iNc  Qi1a1   Q
iNc
aNc
a1aNc ; (2.8)eBi1iNc  eQa1i1    eQaNciNc a1aNc : (2.9)
By denition, the meson and the baryons are subjected to the constraints:
(B) eB = (MNc); (2.10)
(B) M = M   eB = 0; (2.11)
(B)  B = eB   eB = 0: (2.12)
Here we use the notations in [3] that the \" represents the contraction of a lower
with an upper flavor index, and the \" stands for contracting all flavor indices
with the totally antisymmetric tensors i1i2Nc or 
i1i2Nc . For example (2.10) is
i1iNck1kNcB
k1kNc eBj1jNc = i1iNck1kNcMk1j1   MkNcjNc : (2.13)
There are further constraints for the meson and the baryons from the F-term
equations (2.4)(2.6) :
M M 0 = 0; (2.14)
M 0  B = eB M 0 = 0; (2.15)
(m  B) = (m  eB) = 0; (2.16)
m M = M m; (2.17)
mijM
j
i = 0; (2.18)






. Note that (2.16) can be rewritten in the more
useful way m  B = m  eB = 0 for generic choice of bare masses.
The constraints including  are as follows y.
SkB = Sk eB = 0 (k = 1;    ; Nc); (2.19)
SkM
[i1
j1   M
il]
jl
= 0 (k + l > Nc); (2.20)
where we have dened Sk  a1aNc 
b1bkak+1aNca1b1   
ak
bk
instead of Uk. To
show (2.20), we used the equation m M = 0 which will be deduced later from
the explicit form of M , as well as the usual formula a1aN b1bN = 
[a1
b1
   aN ]bN .
These constraints (2.10)(2.20) form a complete set of the classical constraints.
We use \Tr" for summing up flavor indices, while \tr" for color indices.
yWe have assumed that the bare masses are chosen to be generic.
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Owing to the non-renormalization theorem in N = 2 supersymmetric gauge
theory, we know that the Higgs branches do not receive quantum corrections [3],
and so the classical constraints (2.10)(2.18), which are the constraints for the
Higgs branches, are correct quantum mechanically.
Let us solve these equations and determine the structure of the Higgs branches.
We set m = diag(0;    ; 0;mNf+1;    ;m2Nc) where Nf is the number of massless
flavors and mi’s are chosen to be generic. Then (2.17) imply that M can be put





where X is an Nf  Nf block and d = diag(dNf+1;    ; d2Nc). Assuming that
rankX = r and rank d = s , M can be reduced to the following form up to











where X is an rr block and Y is an r(Nf −r) block with rank(XY ) = r, and
di 6= 0 for (i = Nf + 1;    ; Nf + s). Then (2.14) gives (X −
g2
Nc





















The solutions of these equations exist for r + s = Nc or X = s = 0.





mNf+k = 0: (2.25)
For the generic choice of bare masses, this equation implies s = 0. Y can be taken
to be a diagonal matrix with real non-negative elements by an SU(Nf ) similarity
(2.10) and (2.11) imply rank(M) = r + s  Nc.
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. . . . . .




where i 2 R+ and  2 C.
For the case TrM = 0, namely A = s = 0, we can diagonalize Y by an








where i 2 R+ and r  [Nf=2].
Note that these solutions imply a useful equation m M = 0.
Let us consider about the baryons. For the case TrM = 0, since rankM 
[Nf=2] < Nc, (2.10) implies either B = 0 or eB = 0. Without loss of generality,
we can set eB = 0 and the form of M to be as in (2.27) with i 6= 0. Then
(2.15), (2.11) and m B = 0 imply that the only non-zero elements of Bi1iNc are
B12rir+1iNc with 2r < ir+1 < ir+2    < iNc  Nf (up to permutations of the
flavor indices). So we nd B = 0 for Nf −Nc < r. For Nf −Nc  r, B can be
non-zero. Using (2.12)  and a flavor symmetry, which preserves the form of the
meson (2.27), we can reduce the baryon to only one element, say B1r;2r+1Nc+r.
Using U(1)B symmetry, it can be chosen to be real. For the case TrM 6= 0, the
baryons are non-zero and expressed by the mesons using (2.10) up to the ratio of
B and eB.
In summary, we have obtained two types of branches: the baryonic and the
non-baryonic branches.
< 1 > The Baryonic Branch
B 6= 0 or eB 6= 0 y, and the meson is as in (2.26). We also include the limit
B; eB ! 0. This branch exists for Nc  Nf .
This constraint is so called Plu¨cker relation, and so we can apply Plu¨cker embedding
theorem.
yFrom (2.19), B 6= 0 or eB 6= 0 implies  = 0.
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< 2 > The non-Baryonic Branch
B = eB = 0 and the meson is as in (2.27).
As a check, we can determine the vacuum moduli space directly using the
F-term and D-term equations for Q, eQ and , and get the same result as above
(see appendix B.1).
Next we investigate the magnetic theory and nd a correspondence of the
gauge invariant operators between the electric and magnetic theory.
The meson and the baryons in the magnetic theory are  ,
N ij  qaj eqai; (2.28)
bi1iNc  qa1i1    qaNc iNc 
a1aNc ; (2.29)ebi1iNc  eqa1i1    eqaNc iNc a1aNc : (2.30)
The constraints for the meson and the baryons are
(b)eb = (NNc); (2.31)
(eb) N = N  b = 0; (2.32)
(eb)  eb = b  b = 0; (2.33)
N N 0 = 0; (2.34)
N 0  eb = b N 0 = 0; (2.35)
(fm  b) = (fm  eb) = 0; (2.36)fm N = N fm (2.37)fmijN ji = 0: (2.38)
We can see that the Higgs branches in the electric theory and those in the
magnetic theory are the same under the correspondence of the gauge invariant
operators:
electric $ magnetic
g2M $ eg2N 0 (2.39)
gNcB $ (−eg)Nc  b (2.40)
gNc eB $ egNc  eb: (2.41)
We must check that the correspondence is compatible with all the constraints.
It is easy to show that (2.11)(2.18) imply (2.32)(2.38). To see that (2.10)
implies (2.31), we use the solutions (2.26) and (2.27). On the baryonic branch,
Note that our denition of the baryons (b;eb) are dierent from those in [3]. The baryons
(b;eb) in [3] are dened in terms of the low energy eective theory at the root of the baryonic
branch for Nf < 2Nc.
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for example, we have











Now it is easy to see that
eg2NcN [i1j1   N iNc ]jNc










and that (2.10) implies (2.31). Thus we conclude that the Higgs branches in
the electric and magnetic theory are the same. Combining with the fact that
the Coulomb branches in the electric and magnetic theory are also the same, as
mentioned in section 2.1, it means that the vacuum moduli spaces are exactly
the same. This is one of the most non-trivial evidences for the existence of the
S-duality.
2.3 the baryonic root
Before closing this section, we want to comment on the unbroken gauge group at
the baryonic root . We now consider the baryonic branch with TrM 6= 0 in the











)kM ii : (2.44)
Recall that we have set m = diag(0;    ; 0;mNf+1;    ;m2Nc), and M can be
written as in (2.26). So, the right hand side of (2.44) vanishes, because Nc  Nf ,
and (2.44) implies tr(k) = 0. Taking the limit M;B; eB ! 0 along this branch,
we expect SU(Nc) gauge symmetry unbroken.









fmieg )kN ii : (2.45)
Substituting the form of N on the baryonic branch (2.42), we have





The baryonic root is a point where M = B = eB = 0 on the baryonic branch.
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For  6= 0, we nd egk tr(’k) = P2Nci=Nc+1(−fmi)k, which implies the form
eg’ = diag(2ms;    ; 2ms; 2ms −mNf+1;    ; 2ms −m2Nc) (2.47)
up to permutations . Now the unbroken gauge group SU(Nf−Nc)U(1)2Nc−Nf
is expected at the limit b;eb;N ! 0. This result is consistent with [3].
3 Deformations of N = 2 Theory to N = 1 The-
ory
In this section, we will see how the electric and magnetic theory are deformed
when we break N = 2 supersymmetry to N = 1 adding the adjoint mass term
and how the duality changes.
3.1 N = 1 deformed electric theory
We now add the adjoint mass term  tr 2, which breaks N = 2 supersymmetry
to N = 1 explicitly, to the superpotential (2.1)
Wele =
p
2 gQi eQi +p2miQi eQi + p
2
tr 2: (3.1)




eQbi − 1Nc (Qi eQi)ba

+ ba = 0: (3.2)
We can eliminate  using this equation. The F-term equations (2.5) and (2.6)
become eQai (fM)ij = (fM)ijQja = 0; (3.3)
where we have dened g2 fM  g2M 0−m. The constraints (2.14) and (2.15) are
modied to be
M  fM = 0; (3.4)fM  B = eB  fM = 0: (3.5)
Other constraints (2.10), (2.11), (2.12), (2.16) and (2.17) are not modied, while
(2.18) is modied to a redundant constraint.
Since we have broken N = 2 supersymmetry, the Higgs branches will receive
quantum corrections. But we analyze classically for the time being and later we
consider the quantum eects.
This form is exactly the same as that in [3] which is deduced by the requirement of IR-
freedom and the existence of a purely hypermultiplet Higgs branch.
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Now we study the classical moduli space. As (2.10), (2.11) and (2.17) are not



























dNf+k) + mNf+i: (3.8)
These equations imply
(Nc − r − s)g




which has three classes of solutions.
< 1 > The Baryonic Branch (r = Nc; s = 0)
For the case r+ s = Nc, as we have chosen bare masses to be generic, (3.9)




. . . . . .




where  2 C and i 2 R+.
< 2 > The non-Baryonic Branch (r < Nc; s = 0)
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where i 2 R+ and r  [Nf=2].
< 3 > The Exceptional Branch (s 6= 0)














. . . . . .







where i 2 R+; dNf+i = c+ mNf+i and r0  min fNf − r; rg.
The baryons take the same form as in the N = 2 case on the baryonic and
non-baryonic branches, while these are all zero on the exceptional branch. We can
show that these solutions are the same as the solutions derived from the F-term
and D-term equations (see appendix B.2), and that the modied constraints,
which we have considered, form a complete set of constraints.
We then consider non-perturbative eects. On the baryonic branch the gauge
group is broken completely and the theory is weakly coupled. So we expect
that this branch will not be lifted quantum mechanically. On the non-baryonic
11
branch of rankM = r the gauge group is broken to SU(Nc − r) and the number
of the massless quarks are Nf − 2r . For r > Nf − Nc, Aeck-Dine-Seiberg
superpotential is generated [10], and the classical vacua are lifted. The non-
baryonic branch of r  Nf − Nc is a submanifold of the baryonic branch, i.e.
 = 0 in (3.10). On the exceptional branch the theory become N = 1 SU(Nc −
r− s) Super Yang-Mills theory with several massless singlets. Then owing to the
gaugino condensation, the dynamical superpotential is generated and we expect
that this branch will disappear quantum mechanically.
As a result, we conclude that only the baryonic branch remains as the vacuum
moduli space.
3.2 N = 1 deformed magnetic theory and duality
Before presenting the answer, it would be instructive to show how we nd the
duality. Notice that the equations (3.4), (2.11) and (3.5) are symmetric under
Hodge dual transformations for the baryons (B ! B; eB !  eB) and interchang-
ing M and fM . This fact suggests that there is a dual (magnetic) theory in which
the meson eg2N corresponds to g2 fM(= g2M 0 − m). Then we nd that (3.4)
implies fN N = 0; (3.14)




2 egqi’eqi +p2fmiqieqi − p
2
tr’2: (3.15)
Note that the sign of the adjoint mass term is dierent from that in the electric
theory.
We claim that this theory is dual to the electric theory (3.1). The correspon-
dence of the meson and the baryons is
electric $ magnetic
g2M $ eg2fN (3.16)
gNcB $ (−eg)Nc  b (3.17)
gNc eB $ egNc  eb: (3.18)
This correspondence smoothly flows to that in N = 2 theory in the limit ! 0.
The inverse map is
electric $ magnetic
g2 fM $ eg2N (3.19)
In order to show these facts, it may be useful to see the explicit form of Q and eQ, which is
listed in appendix B.2.
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gNc B $ egNcb (3.20)
(−g)Nc  eB $ egNceb: (3.21)
The following correspondence of the constraints is almost trivial.
M  fM = 0 $ fN N = 0 (3.22)
M  (B) = M  ( eB) = 0 $ fN  b = fN  eb = 0 (3.23)fM  B = fM  eB = 0 $ N  (b) = N  (eb) = 0 (3.24)
m M = M m $ fm N = N fm: (3.25)
Now, we must check
(B) eB = (MNc)$ (b)eb = (NNc): (3.26)
M is of the form (3.10) and then N is













where Nf+i = + mNf+i.
Then we have
eg2NcN [i1j1   N iNc ]jNc






1A i1i2Nc j1j2NcM jNc+1iNc+1   M j2Nci2Nc : (3.28)

























TrN + fmi $ g2
Nc
TrM + mi; (3.32)
we get the correspondence (3.26). Note that the normalization factor can be


















TrNij + fmij: (3.34)
If there were the non-baryonic branches of r  Nf − Nc or the exceptional
branches in the electric theory, the rank of the corresponding N would become
larger than Nc contradicting with (2.31) and (2.32).
3.3 the gauge group in the magnetic theory
In the last subsection, we have seen that the vacuum moduli space in the electric
and magnetic theory are the same, and claimed that there is a duality in the
N = 1 deformed theories. Let us show that the magnetic theory is N = 1
supersymmetric SU(Nf − Nc) QCD as expected from the N = 1 duality of
N.Seiberg.
The F-term equations in the N = 1 deformed magnetic theory are
eg qaieqbi − 1
Nc
(qieqi)ba = ’ba; (3.35)
eg’ab eqbj +fmji eqai = 0; (3.36)egqai’ab +fmjiqbj = 0: (3.37)















with the initial condition u1 = 0. We are interested in the baryonic root where
SU(Nc) gauge symmetry is expected to be unbroken in the electric theory. The
There is a subtlety for the case  = 0 or i = 0, but this arises only for submanifolds of
the baryonic branch.
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point M = 0 corresponds to the point eg2N = −m (see (3.19)) in the magnetic







and ’ is the same as in (2.47). So, the gauge group is broken by h’i to SU(Nf −
Nc) U(1)2Nc−Nf , and the condensations of dual quarksD
qieqiE = −mieg2 ; (i = Nf + 1;    ; 2Nc) (3.40)
break the U(1)2Nc−Nf factor. As a result, the magnetic theory is N = 1 super-
symmetric SU(Nf −Nc) QCD with Nf flavors.
3.4 Leigh-Strassler transformation
The magnetic theory of N.Seiberg’s duality in N = 1 supersymmetric QCD is
N = 1 supersymmetric SU(Nf − Nc) theory with Nf flavors of dual quarks qi,eqi, (i = 1;    ; Nf ) and a gauge singlet meson eldMij, interacting with the dual




So far, we have needed neither the meson eld Mij nor the superpotential
WN=1mag . So our derivation of N = 1 duality may seem to be inconsistent. But, it
is not the case. There was an argument given by R.G.Leigh and M.J.Strassler [5]
which showed the origin of the meson eld and the superpotential for Nf = 2Nc
case. We will now show that applying their argument to the case with quark
mass terms, there appears the superpotential (3.41) with the meson eld M.
The electric theory discussed in section 3.1 has the superpotential (3.1):
Wele =
p
2 gQi eQi +p2miQi eQi + p
2
tr 2: (3.42)






(Qi eQj)(Qj eQi)− 1
Nc
(Qi eQi)2+p2miQi eQi: (3.43)






Integrating out the massive quarks, the theory turns out to be N = 1 supersym-
metric QCD with Nf massless flavors.
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2 egqi’eqi +p2fmiqieqi − p
2
tr’2: (3.45)






















where we have introduced an auxiliary eld N 0ij, which can be eliminated by the





























g2M ij : (3.51)
Then the superpotential becomes
Wmag = qiM
i








We take the same limit as above eg  1=g ! 1, xing (3.39) and (3.40). Then
we can neglect the third term:
Wmag  qiM
i
j eqj + mieg2 Mii: (3.53)
The equations of motion,
qieqi = −mieg2 6= 0 (i = Nf + 1;    ; 2Nc) (3.54)
imply that the gauge group is broken to SU(Nf−Nc), and the rst term in (3.53)
gives masses to qi; eqj , andMij for (i; j = Nf+1;    ; 2Nc). Thus the massless elds
are Nf dual-quarks (qi; eqi) and the meson eld (Mij, (i; j = 1;    ; Nf)) which are
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interacting with each other by the superpotential (3.41). So, the theory is exactly
the magnetic theory of N.Seiberg’s duality. Note that although the meson eld
Mij appeared as an auxiliary eld, we expect that this eld becomes dynamical
as a result of quantum eects, otherwise ’t Hooft anomaly matching conditions
are not satised [2].
Conversely, we can begin our argument with N.Seiberg’s N = 1 duality. Con-
sider N = 1 supersymmetric SU(Nc) QCD with 2Nc flavors and its dual. The
meson eld M in the magnetic theory corresponds to Q eQ in the electric theory.
When we deform the superpotential in the electric theory as (3.43), the corre-
sponding deformation of the superpotential in the magnetic theory is as (3.52).
Introducing the adjoint auxiliary eld, we can rewrite the superpotential as (3.42)
or (3.45).
4 Duality in SO(Nc) Gauge Theory
4.1 S-duality in N = 2 theory
We consider in this subsection N = 2 supersymmetric SO(Nc) QCD with Nc− 2
hypermultiplets in the vector representation of the gauge group. We have chosen
the number of the hypermultiplets so that the theory is scale invariant, and has
a dual description. As in the SU(Nc) case, we describe the theory in terms of
N = 1 superelds  by a eld strength chiral multiplet Wab and a chiral multiplet
ab, both in the adjoint representation of the gauge group, and chiral multiplets
Qia in the vector representation of the gauge group, where a; b = 1;    ; Nc are












where J  ( 0−1
1
0
) ⊗ I is the symplectic metric and I is the (Nc − 2)  (Nc − 2)
identity matrix. We raise and lower the flavor indices by contracting with J. See
appendix A for our conventions.
Since the pairs (Qi; QNc−2+i) make up N = 2 hypermultiplets, the bare mass





)⊗ diag(m1;    ;mNc−2).
As commented in section 2.1, S-dualities in N = 2 supersymmetric SO(Nc)
theories are also known [7, 8]. The hyperelliptic curve which describe the coulomb
















2 and  = (Nc mod 2) [7, 8]. This curve is invariant
under  ! −1= , and so we expect that the magnetic theory is also N = 2 super-
symmetric SO(Nc) QCD with Nc−2 hypermultiplets in the vector representation
We use the notations in [4, 7]
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of the gauge group, and has the superpotential
Wmag =
p
2 egqai ’abqbjJij +p2mijqai qaj ; (4.3)
where eg = 1=g.
4.2 N=1 deformed electric theory
As in the SU case, we add the adjoint mass term and breakN = 2 supersymmetry
















The F-term equations are
gQiaJijQ
j
b − ab = 0; (4.5)
gabQ
j
bJij +mijQja = 0: (4.6)
From (4.5), we can eliminate , and so the vacuum moduli space is parameterized
by the meson and the baryon which are dened by
M ij  QiaQ
j
a; (4.7)




The constraints of these operators following from the denitions are
(B)B = (MNc); (4.9)
M  B = 0; (4.10)
(B)  B = 0: (4.11)
Here the meaning of \" and \" are almost the same as that dened in section
2.2, but for (MNc) we mean (i1i2Nc−4M
i1j1   M iNc jNc ).
Inserting (4.5) into (4.6), we get
QiaJij fM jk = 0; (4.12)
where we have dened g2 fM jk  g2M jk − mjk and mjk  Jjj0mj0k0Jk0k(= mjk).
The constraints following from this equation are
M ijJjkfMkl = 0; (4.13)fM  J  B = 0; (4.14)
(m  J  B) = 0: (4.15)
(4.9) and (4.10) imply rankM  Nc. From (4.9) it follows that B is zero
for rankM < Nc and B can be expressed by M for rankM = Nc. It is easy to
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check that the other constraints including B are redundant. Thus the vacuum
moduli space is parameterized by M only, and the constraints are (4.13) and
rankM  Nc.
We can determine the vacuum moduli space. (4.13) implies
M ijJjkmkl = mijJjkMkl: (4.16)







⊗ diag(0;    ; 0;mNf+1;    ;mNc−2), where m
0
is are chosen to
be generic, and then (4.16)implies
g2M =
0BBB@
X 0 Y 0
0 0 0 d
Y T 0 Z 0
0 d 0 0
1CCCA ; (4.17)
where X and Z are Nf  Nf symmetric matrices, Y is an Nf Nf matrix and

















di(di − mi) = 0; i = Nf + 1;    ; Nc − 2: (4.19)
It was shown in [4] that the solutions of (4.18) can be reduced toX = diag(a1;    ; aNf ),
(ai 2 R+), Y = Z = 0, using similarity transformations of massless flavor sym-
metry group USp(2Nf ). So we get
g2M =
0BBB@
X 0 0 0
0 0 0 d
0 0 0 0
0 d 0 0
1CCCA ; (4.20)
whereX = diag(a1;    ; ar; 0;    ; 0), ai 2 R+, d = diag(mNf+1;    ; mNf+s; 0;    ; 0)
and r + 2s  Nc.
This form is the same as that derived from the F-term and D-term equations
for Q and  (see appendix (B.3)),and so the constraints form a complete set of
the classical constraints.
Let us consider the quantum eects. When the meson is as (4.20), the theory is
N = 1 supersymmetric SO(Nc−r−2s) QCD with 2(Nf−r) massless quarks in the
vector representation. If 2(Nf−r)  (Nc−r−2s)−5 (i:e: r−2s > 2Nf−Nc+4),
Aeck-Dine-Seiberg type dynamical superpotential is generated and the classical
vacua are lifted [11]. Therefore the vacuum moduli space consists of the branches
of r − 2s  2Nf −Nc + 4.
The structure of the vacuum moduli space is rather dierent from that in the
SU(Nc) theory. We have seen in section 3.1 that there is essentially one branch
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(baryonic branch) in the SU(Nc) theory. In the SO(Nc) theory, however, we have
found several distinct branches , for d in (4.20) is a xed matrix. Each branch
has a point with unbroken SO(Nc − 2s) gauge symmetry (X = 0 in (4.20)). So
we have a series of SO theories (i:e: SO(Nc); SO(Nc−2);    ; SO(2Nf −Nc + 4))
all at once.
4.3 N=1 deformed magnetic theory and duality
The superpotential of the N = 1 deformed magnetic theory is
Wmag =
p
2 egqai ’abqbjJij +p2mijqai qaj − p
2
tr’2; (4.21)












As in the electric theory, the baryon is redundant.
We claim that the magnetic theory is dual to the electric theory under the
correspondence:
electric $ magnetic
g2M ij $ eg2fN ij  eg2Jii0fNi0j0Jj0j (4.24)
(g2 fM ij $ eg2N ij);
where eg2fNij  eg2Nij + mij.
It is trivial to check the correspondence of the constraint:
M ijJjkfMkl = 0 $ fNijJjkNkl = 0: (4.25)
When the meson is as (4.20), the rank of N is r + 2(Nc − 2 − Nf − s). As
explained in the last subsection, we know that r − 2s  2Nf − Nc + 4, which
implies rankN  Nc. As a result, we conclude that the vacuum moduli space in
the electric and magnetic theory are the same.
4.4 the correspondence of the gauge group
We can determine the gauge groups in the electric and magnetic theory, and show
that the duality in the last subsection is consistent with N.Seiberg’s duality.







Here we call a connected component of the vacuum moduli space by a branch.
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If we choose the branch in (4.20), and take X = 0 then
gk tr k =
(




k (k : even):
(4.27)















So we expect SO(Nc−2s) gauge symmetry unbroken , and there are 2Nf massless
quarks in the vector representation of the unbroken gauge group.
On the other hand, on the corresponding branch in the magnetic theory,


























Thus the magnetic theory is expected to be SO(2Nf−(Nc−2s)+4) gauge theory
with 2Nf massless dual quarks in the vector representation. This result supports
N.Seiberg’s duality in N = 1 supersymmetric SO QCD y [2, 11, 4].
Note that unlike the SU case, in which we have obtained a duality for
SU(Nc) $ SU(Nf −Nc), we have obtained a series of the duality for SO(Nc −
2s)$ SO(2Nf − (Nc − 2s) + 4), (s = 0; 1;    ; Nc − 2−Nf ).
U(1) factors are broken by M 6= 0 (see section 3.3).
yHere Nf is the number of the massless hypermultiplets, and so the number of N = 1 chiral
multiplets in the vector representation of the gauge group is 2Nf .
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4.5 Leigh-Strassler transformation
Similar arguments as in section 3.4 can be applied to the SO(Nc) theory, and we
can show that the meson eld and the superpotential are needed in the magnetic
theory. For simplicity, we investigate the duality on the branch of s = 0 in (4.20).














Integrating out massive flavors, the theory turns out to be N = 1 supersymmetric
SO(Nc) QCD with 2Nf massless chiral multiplets in the vector representation of
the gauge group.








We introduce an auxiliary eld Mij and rewrite this superpotential:
Wmag =M
ijqiqj +
eg2mijMij − 2p2 eg2MijMij: (4.34)
The equation of motion implies Mij =
p
2 (eg2N ij + mij)$ p2 g2M ij . In the




The theory flows down to N = 1 supersymmetric SO(2Nf −Nc + 4) QCD with
2Nf massless flavors interacting with a meson eld Mij, which is the magnetic
theory in the N.Seiberg’s duality [2, 11].
5 Duality in USp(2Nc) Gauge Theory
5.1 S-duality in N = 2 theory
In this subsection, we consider N = 2 supersymmetric USp(2Nc) QCD with














where a; b = 1;    ; 2Nc are color indices, i; j = 1;    ; 4Nc + 4 are flavor indices,





)⊗ diag(m1;    ;m2Nc+2) is an anti-symmetric matrix.
The hyperelliptic curve for the theory was determined in [7] and was found




mj , and ST
2S :  ! =(1 −
2). Although it is not a simple strong-weak duality, we expect that there is a
magnetic theory, which is also an N = 2 supersymmetric USp(2Nc) QCD with




2 egqai ’baJbcqci +p2mijqai Jabqbj ; (5.2)
where eg is the dual gauge coupling in e = =(1− 2).
5.2 N=1 deformed electric theory
As we have investigated in SU and SO case, we break N = 2 supersymmetry to
















The F-term equations are
gQiaQ
i





b = 0: (5.5)
In the USp theory, there is no baryon and the vacuum moduli space is parame-
terized by the meson M ij  QiaJabQ
j
b.
The constraints for the meson are
M  fM = 0; (5.6)
i1i4Nc+4M
i1i2   M i2Nc+1i2Nc+2 = 0; (5.7)
where we have dened g2 fM  g2M + m.
(5.6) implies
M m = m M: (5.8)







⊗ diag(0;    ; 0;mNf+1;    ;mNc−2), where mi’s are chosen
to be generic, and then (5.8) implies
g2M =
0BBB@
X 0 Y 0
0 0 0 d
−Y T 0 Z 0
0 −d 0 0
1CCCA ; (5.9)
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where X and Z are Nf  Nf anti-symmetric matrices, Y is an Nf Nf matrix










di(di − mi) = 0; i = Nf + 1; : : : ; 2Nc + 2 (5.11)
Using similarity transformation of the massless flavor symmetry group O(2Nf),







q^ = diag(q1;    ; qr); qi 2 R+;
d = diag(mNf+1;    ; mNf+s; 0;    ; 0; ); (5.13)
s  2Nc + 2−Nf :
(5.7) implies r+ s  Nc. We can check that this form is exactly the same as that
derived from the D-term and F-term equations for Q and  (see appendix B.4),
and so the constraints (5.6) and (5.7) form a complete set.
Next we consider quantum eects. When the meson is as above, the theory
turns out to be N = 1 supersymmetric USp(2(Nc − r − s)) QCD with (Nf −
2r) massless flavors in the dening representation. For Nf − 2r  Nc − r −
s Aeck-Dine-Seiberg type superpotential is generated non-perturbatively, and
the classical vacua are lifted [12]. For Nf − 2r = Nc − r − s + 1 the theory
is in the conning phase and the classical moduli space is deformed quantum
mechanically [12]. We will consider the branches which have a point Y = 0 in
(5.12), and discuss the duality on these branches. Thus we nd a constraint
Nc −Nf + r − s+ 1 < 0.
5.3 N=1 deformed magnetic theory and duality
The superpotential of N = 1 deformed magnetic theory is
Wmag =
p
2 egqai ’baJbcqci +p2mijqai Jabqbj − p
2
tr’2: (5.14)
The meson in the magnetic theory is dened as N ij = Nij  qai Jabqbj which is
constrained by the similar equation N  fN = 0, where eg2fN  eg2N − m, and
rankN  2Nc.
The correspondence between the electric and magnetic theory is
electric $ magnetic
g2M $ eg2fN (5.15)
(g2 fM $ eg2N):
24
The correspondence of the constraint (5.6) is trivial:
M  fM = 0$ N  fN = 0: (5.16)
When M takes the form as in (5.12) and (5.13), we nd rankN = 2(2Nc −Nf +
r − s + 2). As explained above, the vacuum moduli space is constrained with
Nc − Nf + r − s + 1 < 0 and so we nd rankN  2Nc. These facts imply that
the vacuum moduli spaces in the electric and magnetic theory are the same.
We can determine the unbroken gauge groups in the same way as in section












The point M = 0 in the electric theory at which USp(2Nc) gauge symmetry is
expected to be unbroken, corresponds to the point eg2N = m. At this point,
(5.17) implies that













So we expect that the magnetic theory at this point is a USp(2(Nf − Nc − 2))
gauge theory. The result is consistent to N.Seiberg’s duality in N = 1 USp QCD
[2, 12]. Similarly, when we consider the branch of rank d = s in (5.13) in the
electric theory, we get the duality for USp(2(Nc−s))$ USp(2(Nf−Nc+s−2)).
Thus we have found a series of USp duality as in the case of the SO theory.
We can also carry out Leigh-Strassler transformation in this case. Integrating














The theory is N = 1 supersymmetric USp(2Nc) QCD with Nf massless flavors.
On the other hand, introducing suitable auxiliary meson eld Mij, the su-
perpotential for the magnetic theory becomes
Wmag = −M
ij(qiJqj) +
eg2mijMij + 2p2 eg2MijMij: (5.21)
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The equation of motion implies Mij =
p
2 (eg2N ij − mij)$p2 g2M ij . In the




The theory again flows down to the magnetic theory of N.Seiberg’s duality,
namely N = 1 supersymmetric USp(2(Nf − Nc − 2)) QCD with Nf massless
flavors interacting with a meson eld Mij [2, 12].
6 Summary and Comments
We have studied the deformations of N = 2 supersymmetric QCD, adding the
adjoint mass term, and seen that the S-dualities in nite N = 2 theories naturally
flow to N.Seiberg’sN = 1 dualities. Generalizing the argument in [5], we obtained
the gauge singlet meson eld and the superpotential needed in the magnetic
theory.
We have shown that much information on the duality can be obtained using
the classical equations of motion. This fact would be the remnant of the non-
renormalization theorem of the Higgs branches in N = 2 theories. Of course, it is
important to take the non-perturbative eects into account, when we breakN = 2
supersymmetry toN = 1. In particular, in order to show that the vacuum moduli
spaces in the electric and magnetic theory are the same, the non-perturbative
eects are essential. However, we have not revealed more fruitful structures in
the N = 1 theories, such as the conning phases, quantum deformations of the
moduli spaces, or electric-magnetic-dyonic triality in the SO theory [1, 11].
Our methods are quite simple and seem to have other applications. For exam-
ple, instead of adding the adjoint mass term, we can add various N = 2 breaking
terms to the superpotential and investigate deformations of the S-dualities. We
hope that this approach will give a useful guide for searching new dualities.
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We write down the conventions used in the SO(Nc) gauge theory.
























⊗ diag(m1;    ;mN)
 mij  JikmklJlj = (JmJ)ij = mij
 mijJjk = Jijmjk





 N ij  JikNklJlj = (JNJ)ij
B the form of Q
We list the D-term and F-term equations and the classical moduli spaces in terms
of Q; eQ and .
B.1 N = 2 SU theory
The D-term and F-term equations are




eQai eQyib = ab ; (B.2)
Qia
eQbi = ba; (B.3)
gab







b = 0; (B.5)
where  2 R,  2 C and mij = diag(0;    ; 0;mNf+1;    ;m2Nc) . The vacuum
moduli space consists of the Coulomb, baryonic and non-baryonic branches.
Using the F-term equations (B.4) and (B.5), we nd
D2 = g2

jQyTQ− eQT eQyj2 + 2 tr([y;]2) + 4(jQym+Qyj2 + jmy eQ+ y eQj2) ;
implying (B.1) and (B.2).
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where i 2 C and
P
i = 0.











. . . . . .
. . . Nf−NceNc
1CCCCCA ; (B.8)
where i; i 2 R+;
iei = ; for all i;
2i − (jeij2 + 2i ) = ; i  Nf −Nc;
2i − jeij2 = ; i  Nf −Nc + 1:
The non-Baryonic Branch










. . . . . .
0 r
1CCCCA ; (B.11)
where i 2 C ,
P
i = 0 , i 2 R+ and r  [Nf=2] .
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B.2 N = 1 deformed SU theory
The D-term equations (B.1) and (B.2) are not changed when we add the adjoint
mass term  tr 2=
p
2.
The D-term and F-term equations are








eQbi − 1Nc (Qi eQi)ba

+ ba = 0; (B.14)
gab







b = 0; (B.16)
where  2 R+ and mij = diag(0;    ; 0;mNf+1;    ;m2Nc).
The classical moduli space consists of the baryonic , non-baryonic and excep-
tional branches. The baryonic and non-baryonic branches are the same as those
in N = 2 theory ( is xed to be zero).
The Exceptional Branch
g = diag(0;    ; 0; c;    ; c| {z }
Nc−r−s














. . . . . .
fr r0
edNf+1
. . . edNf+s
1CCCCCCCCCCCCCCCCA
;(B.19)
where (i; di; i) 2 R+; (ei; edi) 2 C;
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r + s  Nc − 1; s  2Nc −Nf ; r
0 = minfr;Nf − rg;
c =
1




g2iei = c; 2i − (jeij2 + 2i ) = 0;
di = j edij; g2di edi = c+ mi (Nf + 1  i  Nf + s):
B.3 N = 1 deformed SO theory
As in the SU theory, the D-term equations are not changed from N = 2 theory.
The D-term and F-term equations are
[;y] = 0; (B.20)
Im(QyiaQ
i
b) = 0; (B.21)
gQiaJijQ
j
b − ab = 0; (B.22)
gabQ
j
bJij +mijQja = 0; (B.23)





)⊗ diag(0;    ; 0;mNf+1;    ;mNc−2).

































B.4 N = 1 deformed USp theory
The D-term and F-term equations are







a = 0; (B.27)
gQiaQ
i





b = 0; (B.29)
where Qyia  Q
yibJba and m = (mij)  (01
−1
0
)⊗diag(0;    ; 0;mNf+1;    ;m2Nc+2).






⊗ diag(0;    ; 0; imNf+1;    ; imNf+s; 0;    ; 0); (B.30)
Q =
0BBB@
Q0 0 0 0
0 iD 0 −D
0 0 Q0 0






. . . . . .
qr iqr
1CCCCA ; (B.32)
Q0 is an (Nc − s) (Nf) matrix;





. . . q
mNf+s=2
1CCCA ; (B.33)
s  2Nc + 2−Nf ; r + s  Nc:
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